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Abstract 

In this paper, we define a new special curve in Euclidean 3-space which we call 
k— slant helix and introduce some characterizations for this curve. This notation is 
generalization of a general helix and slant helix. Furthermore, we have given some 
necessary and sufficient conditions for the fc— slant helix. 
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1 Introduction 

From the view of differential geometry, a straight line is a geometric curve with the curva- 
ture k{s) = 0. a plane curve is a family of geometric curves with torsion r(s) = 0. Helix 
is a geometric curve with non-vanishing constant curvature k and non- vanishing constant 
torsion r [4]. The helix may be called a circular helix or W -curve [9]. It is known that 
straight line {k{s) = 0) and circle (k(s) = a, r(s) = 0) are degenerate-helices examples 
[12]. In fact, circular helix is the simplest three-dimensional spirals [6]. 

A curve of constant slope or general helix in Euclidean 3-space is defined by the property 
that the tangent makes a constant angle with a fixed straight line called the axis of the 
general helix. A classical result stated by Lancret in 1802 and first proved by de Saint 
Venant in 1845 (see [19] for details) says that: A necessary and sufficient condition that a 
curve be a general helix is that the function 

K 

is constant along the curve, where k and r denote the curvature and the torsion, respec- 
tively. General helices or inclined curves are well known curves in classical differential 
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geometry of space curves and we refer to the reader for recent works on this type of curves 
[1, 2, 7, 15, 20]. 

In 2004, Izumiya and Takeuchi [10] have introduced the concept of slant helix by saying 
that the normal hues make a constant angle with a fixed straight line. They characterize 
a slant helix if and only if the geodesic curvature of the principal image of the principal 
normal indicatrix 



(k2 + r2)3/2 

is a constant function. Kula and Yayli [13] have studied spherical images of tangent 
indicatrix and binormal indicatrix of a slant helix and they showed that the spherical 
images are spherical helices. Recently, Kula et al. [14] investigated the relation between a 
general helix and a slant helix. Moreover, they obtained some differential equations which 
are characterizations for a space curve to be a slant helix. 

A family of curves with constant curvature but non-constant torsion is called Salkowski 
curves and a family of curves with constant torsion but non-constant curvature is called 
anti-Salkowski curves [17]. Monterde [16] studied some characterizations of these curves 
and he proved that the principal normal vector makes a constant angle with fixed straight 
line. So that: Salkowski and anti-Salkowski curves are the important examples of slant 
helices. 

A unit speed curve of constant precession in Euclidean 3-space is defined by the property 
that its (Prenet) Darboux vector 

W = tT + kB 

revolves about a fixed line in space with constant angle and constant speed. A curve of 
constant precession is characterized by having 

K = —sm[as], t=—cos[lis] 

m m 

or 

K = — cosln s], T = —sm[iJ,s] 

m m 

where fj, and m are constants. This curve lies on a circular one-sheeted hyperboloid 

x"^ + y'^ — = Arn^ 

The curve of constant precession is closed if and only if n = ^^^2 rational [18]. Kula 
and Yayli [13] proved that the geodesic curvature of the spherical image of the principal 
normal indicatrix of a curve of constant precession is a constant function equals —m. So, 
one can say that: the curves of constant precessions are the important examples of slant 
helices. 
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In this work, we define a new curve and we call it a k— slant helix and we introduce some 
characterizations of this curve. Furthermore, wc have given some necessary and sufficient 
conditions for the A;— slant helix. We hope these results will be helpful to mathematicians 
who are specialized on mathematical modeling as well as other applications of interest. 

2 Preliminaries 

In Euclidean space E^, it is well known that each unit speed curve with at least four 
continuous derivatives, one can associate three mutually orthogonal unit vector fields T, 
N and B are respectively, the tangent, the principal normal and the binormal vector fields 
[8]. 

We consider the usual metric in Euclidean 3-space E^, that is, 

(, ) = dxi + + dx"^, 

where (xi,X2, X3) is a rectangular coordinate system of E^. Let V^i/cR— >E^,^ = ijj{s), 
be an arbitrary curve in E^. The curve -0 is said to be of unit speed (or parameterized by 
the arc-length) if {tp' (s) , ip' (s)) = 1 for any s € /. In particular, if ip{s) 7^ for any s, then 
it is possible to re-parameterize ip, that is, a = ip((p{s)) so that a is parameterized by the 
arc-length. Thus, we will assume throughout this work that is a unit speed curve. 

Let {T(s), N(s), B(s)} be the moving frame along ip, where the vectors T, N and B 
are mutually orthogonal vectors satisfying (T, T) = (N, N) = (B,B) = 1. The Frenet 
equations for i/j are given by ([19, 20]) 



T'(.) ] 




k{s) 




r T(.) 1 


N'(.) 




— k(s) t{s) 




N(.s) 


B'(.) . 




-r(s) 




. B(.) . 



If r(s) = for all s G i", then B(s) is a constant vector V and the curve tp lies in a 2- 
dimensional affine subspace orthogonal to V, which is isometric to the Euclidean 2-space 
E^. 

3 New representation of spherical indicatrices 

In this section we introduce a new representation of spherical indicatrices of the regular 
curves in Euclidean 3-space E^ by the following: 

Definition 3.1. Let ip he a unit speed regular curve in Euclidean 3-space with Frenet 
vectors T, N and B. The unit tangent vectors along the curve ip{s) generate a curve ipt = 
T on the sphere of radius 1 about the origin. The curve ipt is called the spherical indicatrix 
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of T or more commonly, ipt is called tangent indicatrix of the curve ip. If ip = ip{s) is 
a natural representations of the curve ip, then il^t{s) = T{s) will he a representation of 
ipt ■ Similarly, one can consider the principal normal indicatrix ipn = -^(s) and binormal 
indicatrix V'b = B{s). 



Lemma 3.2. // the Frenet frame of the tangent indicatrix V't 
{Tt, Nt, Bt}, then we have Frenet formula: 



where 



and 



where 



and 



Ttist) 



Tt. = iV, Nt = 










-Tt 





Tt 





Tt{st) 
Ntist) 
Bt{st) 



T of a space curve ip is 



(2) 



-T+fB 



Bt = 



fT+B 



St= K{s)ds, Kt 



f 



a 



k{s) 
f'is) 



K{s){l + f^{s)) 



3/2 



(3) 



(4) 



(5) 



(6) 



is the geodesic curvature of the principal image of the principal normal indicatrix of the 
curve -0, St is natural representation of the tangent indicatrix of the curve tp and equal the 
total curvature of the curve ip and Kt and Tt are the curvature and torsion of tpt ■ 



Therefore we can see that: 



n 

Kt 



a. 



Lemma 3.3. // the Frenet frame of the principal normal indicatrix tp^ 
curve ip is {Tn, N^, B^}, then we have Frenet formula: 







" Kn " 














-^Vn(Sn 


. -B„(s„) . 




_ -T„ _ 




. -Bn(Sn 



(7) 

N of a space 
(8) 



where 



T+fB 



Br, 



fT+B _ N 



fT+B 



(9) 
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and 



where 



3/2' 



(10) 

(11) 



Sn «s natural representation of the principal normal indicatrix of the curve ip and and 
Tn are the curvature and torsion ofipn- 



Therefore we have: 



= r. 



(12) 



Lemma 3.4. // the Frenet frame of the binormal indicatrix = B of a space curve "0 is 
{ Tb, iVb, -Bb}; then we have Frenet formula: 



(13) 







" Kb " 




" Tb(sb) " 






-Kb Tb 




iVb(sb) 






_ -Tb _ 







where 



Tb 



T-fB fT+B 

-N, JVb = ^=^, B^=-' 



and 



J T{s)ds, 



Kb 



(14) 

/ ' - / ' ^''^ 

where Sb is natural representation of the binormal indicatrix of the curve tp and equal the 
total torsion of the curve ip and Kb and Tb are the curvature and torsion of ip^, . 



7"b = -- 



Therefore we obtain: 



Kb 



-a. 



(16) 



4 /c-slant helix and its characterizations 



In this section wc gcneraUze the concept of the general hehx and a slant helix by a new 
curve which we call it /c-slant helix. 

Definition 4.1. Let ip = ip{s) a natural representation of a unit speed regular curve in 
Euclidean 3-space with Frenet apparatus {k,t, T,N,B}. A curve tp is called a k-slant 
helix if the unit vector 



\Wkis)\\ 



(17) 
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makes a constant angle with a fixed direction, where ipQ = ip{s) and tpi = . 

Prom the above definition we can see that: 

(1) : The 0-slant helix is the curve whose the unit vector 

- ¥m\ -¥m\- ^''^ 

(which is the tangent vector of the curve ifj) makes a constant angle with a fixed direction. 
So that the 0-slant helix is the general helix. 

By using the Frcnct frame (1), it is easy to prove the following two well-known lemmas: 

Lemma 4.2. Let ip : I ^ iF' he a curve that is parameterized by arclength with intrinsic 
equations k{s) 7^ and t{s) / 0. The curve is a 0-slant helix or general helix (the 
vector -01 makes a constant angle, 4>, with a fixed straight line in the space ) if and only if 
the function f{s) = ^ = cot[(?!)]. 

Lemma 4.3. Let ip : I ^ I? he a curve that is parameterized by arclength with intrinsic 
equations k{s) 7^ and r(s) 7^ 0. The curve ifj is a 0-slant helix or general helix if and 
only the binormal vector B makes a constant angle with fixed direction. 

(2) : The 1-slant helix is the curve whose the unit vector 

(which is the principal normal vector of the curve ip) makes a constant angle with a fixed 
direction. So that the 1-slant helix is the slant helix. 

If we using the Frenet frame (2) of the tangent indicatrix of the the curve ip, it is easy to 
prove the following two lemmas. The first lemma is introduced in [3, 5, 10, 13, 14]. Here, 
we state this lemma and introduce new representation and its simple proof using spherical 
tangent indicatrix of the curve. The second lemma is a new. 

Lemma 4.4. Let tp : I ^ be a curve that is parameterized by arclength with intrinsic 
equations k{s) 7^ and t{s) 7^ 0. The curve ip is a 1-slant helix or slant helix (the vector 
■02 makes a constant angle, (j), with a fixed straight line in the space) if and only if the 
function a(s) = ^ = cot[0]. 

Proof: (^) Let d be the unitary fixed vector makes a constant angle, (f), with the vector 
= N = Tt. Therefore 

(Tt,d) = cos[0]. (20) 

Differentiating the equation (20) with respect to the variable si and using Frenet equations 
(2), we get 

Kt(Nt,d) = 0. (21) 
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Because = \/l + 7^ 0, then we have 

(Nt,d)=0. (22) 

From the above equation, the vector d is perpendicular to the vector Nt and so that the 
vector d hes in the space consists with the vectors Tt and Bt. Therefore the vector d 
makes a constant angles with the two vectors Tt and Bt. Hence, the vector d can be 
written as the following form: 

d = cos [(p] Tt + sin [^] Bt . (23) 
If we differentiate equation (23), we have 

= (cos[<^]ACt - sin[<^]Tt)Nt, (24) 
which leads to a{s) = ^ = cot [(/>]. 

(-4=) Suppose a = cot[^], i.e., rt = cot [(?!)] Kt and let us consider the vector 

d = cos[^]Tt + sin[^]Bt. (25) 

Prom the Prenet formula (2), it is easy to prove the vector d is constant and (Tt,d) = 
cos[^]. This concludes the proof of lemma (4.4). 

Lemma 4.5. Let ip : I ^ he a curve that is parameterized by arclength with intrinsic 
equations k{s) 7^ and t{s) ^ 0. The curve tp is a 1-slant helix or slant helix if and only 

the unit Darboux (modified Darhoux [11]) vector field Bt = •^^'^ of ip makes a constant 
angle with fixed direction. 

Proof: (=>) The proof of the necessary condition is the same as the necessary condition 
of the above lemma. 

(<^) Let d be the unitary fixed vector makes a constant angle, f — with the vector 
Bt = Therefore 

(Bt,d) = sin[,^]. (26) 

Differentiating the equation (26) with respect to the variable st and using Prenet equations 
(2), we get 

-rt(Nt,d) = 0. (27) 



Because rt = cja/I + 7^ 0, then we have 

(Nt,d)=0. (28) 

Prom the above equation, the vector d is perpendicular to the vector Nt and so that the 
vector d lies in the space consists with the vectors Bt and Tt. Therefore the vector d 
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makes a constant angles with the two vectors Bt and Tt- This concludes the proof of 
lemma (4.5). 

(3) : The 2-slant helix is the curve whose the unit vector 

ms)\\ \\N'{s)\\ viTT^' 

makes a constant angle with a fixed direction. So that the 2-slant helix is a new special 
curves we can call it slant-slant helix. 

If we using the Prenet frame (9) of the principal normal indicatrix of the the curve tp, it 
is easy to prove the following two new lemmas. 

Lemma 4.6. Let ip : I ^ be a curve that is parameterized by arclength with intrinsic 
equations k{s) ^ and t{s) ^ 0. The curve ip is a 2-slant helix or slant-slant helix (the 
vector ^3 makes a constant angle, (j), with a fixed straight line in the space) if and only if 
the function T{s) = ^ = cot[^]. 

The proof of the above lemma (using the Prenet frame (9)) is similar as the proof of lemma 

(4.4) (using the Prenet frame (2)). 

Lemma 4.7. Let tp : I ^ be a curve that is parameterized by arclength with intrinsic 
equations k{s) ^ and t{s) ^ 0. The curve %b is a 2-slant helix or slant-slant helix if and 
only if the vector = ^-s/i+p '^'^ ^ makes a constant angle with fixed direction. 

The proof of the above lemma (using the Prenet frame (9)) is similar as the proof of lemma 

(4.5) (using the Prenet frame (2)). 

(4) : The 3-slant helix is the curve whose the unit vector 

^'^{s) a r/T + B N" 



■04 



^3(^)11 Vr+^Lyrqr^ 



a 



(30) 



makes a constant angle with a fixed direction. So that the 2-slant helix is a new special 
curves we can call it slant- slant- slant helix. 

Lemma 4.8. Let ip : I ^ Bf^ be a curve that is parameterized by arclength with intrinsic 
equations k{s) ^ and t{s) ^ 0. The curve ip is a 3-slant helix or slant- slant- slant helix 
(the vector ip4 makes a constant angle, cp, with a fixed straight line in the space) if and 
only if the function 

A = ^ = com- (31) 



k{s)^1 + /2(,) ^1 + a^{s) (l + r2(,))' 
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proof: (=>) Let d be the unitary fixed vector makes a constant angle, (f), with the vector 
-04 = N„. Therefore 

(N„,d) = cos[0]. (32) 



Differentiating tlie equation (32) with respect to the variable Sn = / i^is)^^ + f^{s)ds 
and using the Frenet equations (9), we get 

(-At„T„ + r„B„,d) = 0. (33) 

Therefore, 

(T„,d) = ^(B„,d)=r(B„,d). 

If we put (Bn,d) = g{s), we can write 

d = r 5 T„ + COs[(/)]Nn + <? Bn. 

Prom the unitary of the vector d we get g = Therefore, the vector d can be 

written as 

The equation (33) can be written in the form: 

(-T„ + rB„,d) =0. (35) 
If we differentiate the equation (33) with respect to s^, again, we obtain 



(f B„ + (1 + r^) Vl + ct2N„, d) = 0, (36) 

where dot is the differentiation with respect to s„. If we put the vector d from equation 
(34) in the equation (36), we obtain the following condition 

= ± cot[0]. 



^/iT^ii + r2)3/2 

Finally, Sn = J K{s)^/T^\-~f^{s)ds and F = ^ ^^j^fL= =, we express the desired result. 

(<^=) Suppose that ^-^_^^i^_^-p2^3/2 = ^ cot[(f>] where . is the differentiation with respect to 
Sn- Let us consider the vector 

. /F tanfoil ^ tanfoil ^ \ 

d = ± cos[^l ( J T„ ± N„ + B„) . 

We will prove that the vector d is a constant vector. Indeed, applying Prenet formula (9) 

d = ± VrT^cos[0] ( ± T„ + N„ T T„ ± FB T rB„ - N„) = 
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Therefore, the vector d is constant and (Nn,d) = cos [(?!)]. This concludes the proof of 
lemma (4.8). 

Prom the section (3), we can see that: 

(i) : The function f{s) is equal the ratio of the torsion (r = tq) and curvature {k = kq) of 
the curve -0 = -00 and may be named it ao{s) = f{s) = 

(ii) : The function a{s) is equal the ratio of the torsion (rt = n) and curvature (/ct = ki) 
of the tangent indicatrix T = ■^i of the curve ip and may be named it o"i(s) = a{s) = 

(iii) : The function r(s) is equal the ratio of the torsion (rn = T2) and curvature {k^ = K2) 
of the principal normal indicatrix N = ■02 of the curve tp and may be named it cr2{s) = 

We expect that: the function A(s) is equal the ratio of the torsion T3 and curvature K3 of 
the spherical image of tps indicatrix and may be named it (73(5) = A(s) = So that, 

we can write (the proof is classical) the following lemma: 

Lemma 4.9. // the Frenet frame of the spherical image of ip^ = ~ T"'"'^"? indicatrix of the 
curve ip is {T3, JV3, B^}, then we have Frenet formula: 



where 



and 



Nsiss) 














T3 



-T3 



^3(53) 



B3 



fT+B 



N' 



1 



1 



r{fT+B)+VTT^{T-iB) 
fT+B-vVi+^{T-fB) 



+ aVN 



(37) 



(38) 



83 = j k{sWI + f^{s)^/l + a-^{s)ds, «3 = VTTT2, T3 = AVTTr2, (39) 

where S3 is the natural representation of the spherical image of ip^ indicatrix of the curve 
ip and K3 and T3 are the curvature and torsion of this curve. 



Therefore it is easy to see that: 



73 



= A = (73. 



(40) 



If we using the Frenet frame (38) of the spherical image of ip3 indicatrix of the curve ip, it 
is easy to prove the following new lemma. 
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Lemma 4.10. Let i/j : I ^ be a curve that is parameterized by arclength with intrinsic 
equations k{s) ^ and r(s) 7^ 0. The curve ip is a 3-slant helix or slant- slant- slant helix if 

and only if the vector B3 = ,, . - — "^^^—L^ — ^ 

angle with fixed direction. 



-\-aN 



makes a constant 



The proof of the above lemma (using the Frenet frame (38)) is similar as the proof of 
lemma (4.5) (using the Frenet frame (2)). 



5 General results 

From the above discussions, we can introduce an important lemmas for the fc-slant helix 
in general form as follows: 

Lemma 5.1. // the Frenet frame of the spherical image of ipk = indicatrix of the curve 
is {Tjfc, JVjfc, Bk}, then we have Frenet formula: 







" Kk ' 




" Tk{sk) ' 






-Kfe Tfe 










. -Tfe _ 




. Bk{sk) _ 



where 



and 



1pk+l X 

\lpk+l X 1pk+2\\ 



Sk = f k(s) Vl + f^o(«) Vl + ^'iis) ...J 1 + (7l_^is) ds, 
Hk 

Tk = (^k\ 



1 + 



where 



a 



k-l 



K{s)^l + alisUl + ai{s) ... (1 + 4_,{s)) 



3/2' 



(41) 



(42) 



(43) 



(44) 



Sk is the natural representation of the spherical image of tpk indicatrix of the curve tp and 
Kk and Tk are the curvature and torsion of this curve. 



From the the above lemma we have ^ = ak, which leads the following lemma: 

Lemma 5.2. Let ip : I ^ be a k- slant helix. The spherical image of ipk indicatrix of 
the curve ip is a spherical helix. 
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Lemma 5.3. Let ijj : L ^ be a curve that is parameterized by arclength with intrinsic 

equations k{s) ^ and t{s) ^ 0. The curve ip is a k-slant helix (the vector ipk+i makes a 
constant angle, (f), with a fixed straight line in the space ) if and only if the function 

(7fe = cot[0]. (45) 

Lemma 5.4. Let if) : I ^ be a curve that is parameterized by arclength with intrinsic 
equations k{s) ^ and r(s) ^ 0. The curve ip is a k-slant helix if and only if the vector 
~ ||^fc+^ xV'fc+2|| ""^^^^^ ^ constant angle with fixed direction. 
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